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Abstract 

Alteration of the pH of the mobile phase is the most common method to perform elution of the bound components from an aFfinity column, 
The values of the adsorption rate constant and the dissociation constant between the protein to be separated from a mixture and the immobilized 
ligand vary during the chromatographic process. A mathematical model used to predict the performance of pH elution on a high-performance 
affinity chromatographic column, packed with non-porous adsorhents, has been solved numerically with the application of the finite element 
method. The effects of binding capacity, sample load, adsorption rate constant and equilibrium dissociation constant under adsorption and 
elution conditions on the split-peak phenomenon and the shape and spreading of the elution peak were investigated. Simulation results showed 
that the time required to elute all bound solutes is mainly determined by the dissociation constant which is adjustable by altering the pH of 
the mobile phase. The dispersive effect on the elution peak is largely influenced by the rate constant under adsorption and elution conditions, 
while for the non-retained fraction (split-peak), it is governed by the rate and dissociation constants under adsorption conditions only. 
Influence of sample loading on the non-retained fraction and the elution peak also is significant. especially for columns with small binding 
capacity. As the affinity column is employed for the purpose of analyzing, a calibration graph based on the height of the elution peak is easily 
obtained provided that the effects of adsorption rate constant and dissociation constant are all taken into account. 0 1997 Elsevier Science 
S.A. 

K~~rt~~rds: Non-porous: Adsorhent: High performance affinity chromatography; pH elution; Split-peak; Peak simulation 

1. Introduction 

Modeling working on the prediction of chromatographic 
performance provides an excellent basis for the design and 
optimization of a liquid chromatographic process operated 
either in a preparative mode or a high-performance liquid 
chromatography (HPLC) mode. A great number of papers 
concerning the simulation of liquid chromatography by the 
application of numerical methods and computation tech- 
niques has been published in the previous decades. In general, 
the model used to describe the performance of liquid chro- 
matography includes a system of partial differential equations 
(PDEs) in which the concentrations of solutes in the mobile 
phase, in the pore (stagnant mobile phase) and on the adsor- 
bent surface (stationary phase) are functions of the axial 
coordinate of the column, the radial coordinate of the adsor- 
bent radius and the time elapsed. The first step in numerically 
solving the PDEs system is to discretize the spatial domains 
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(in z and r directions) by one of the following methods: ( 1) 
finite difference [ 1 ] ; (2) orthogonal collocation [ 2,3] ; (3) 
orthogonal collocation on finite element [4-61; (4) finite 
element in the axial combining with orthogonal collocation 
in the radial direction [7]; (5) orthogonal collocation on 
finite element in the axial combining with orthogonal collo- 
cation in the radial direction [ 81. The PDEs system is then 
transformed into a system of ordinary differential equations 
(ODES) with the concentration of solutes at each discretized 
point as the depending variables of time. The resulting ODES 
system, associated with algebraic boundary conditions, is 
solved by one of the following means: ( 1) a third-order semi- 
implicit Runge-Kutta method [ 31; (2) a differential/alge- 
braic system solver DASSL [5,6,8], (3) any standard 
integration routine [2,4], for example, IVPAG in IMSL 
[ 1,7]. More computer time is required whenever the elution 
peaks are much steeper and much greater accuracy of the 
solution is expected. Early works on simulation of liquid 
chromatography focused on the solution of frontal analysis, 
whereas in recent years the trend of research has shifted to 
zonal elution under isocratic or gradient conditions. Among 
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the great amount of published papers, there have been only a 
few on the prediction of the chromatographic behaviour 
(breakthrough curves) of a column packed with non-porous 
adsorbents [9]. Non-porous adsorbents of small particle 
diameter have been commonly employed for protein chro- 
matography in recent years. Most non-porous adsorbents are 
prepared for affinity chromatography of proteins [ 10-151. 
Affinity chromatography operated in the HPLC mode is 
called high-performance aflinity chromatography (HPAC) 
and has been widely used as an analytical tool in biochemical 
research. In this work, we focused our attention on the pre- 
diction of the elution peaks resulting from pH elution in 
HPAC. 

The model simulation presented in this work also predi- 
cates the appearance of ‘split-peak’ in HPAC. The split-peak 
phenomena, in which a fraction of solute is eluted at the 
retention time of a non-retained solute, has been discussed in 
previous papers [ 16-201. Hage et al. [ 161 obtained an 
expression that connects the non-retained fraction to the flow- 
rate, the first-order diffusion rate constant, and a product of 
the second-order adsorption rate constant and the binding 
capacity. Including the effect of mass-overload, numerical 
solutions are also available from computer simulation for the 
case of irreversible diffusion- and adsorption-limited kinetics 
[ 171. Recently an analytical expression in which the non- 
retained fraction is related to a non-dimensional lumped 
adsorption rate constant and the ratio of sample loading to 
the column capacity, was obtained for irreversible adsorption 
[ 181. This paper describes how the non-retained fraction is 
influenced by the binding capacity, the sample load, the rate 
constant and the dissociation constant under various operat- 
ing conditions. 

2. Model description 

Consider an affinity column packed with non-porous 
spherical adsorbents. Assuming that the chromatographic 
process is isothermal and there is no concentration gradient 
in the radial direction of the column, the following governing 
equations for the solute in the mobile phase and on the adsor- 
bent can be obtained. 

where c, is the concentration of the solute in the liquid phase 
at the surface of the particles. As the film mass transfer is 
considered, the mass balance equation linking the rate of mass 
transfer in the liquid film and the rate of adsorbate accumu- 
lation can be written. 

aq 6(1-e)& 
(l-Ek$= d (c-c,> 

P 
(3) 

This model is identical to that reported by Mao et al. [ 91, 
except for a dispersion term in the right hand side of Eq. ( 1) , 
which is usually neglected in a typical HPLC system. Only 
solutions to the breakthrough curve based on this model were 
reported by Mao et al. [ 91. In this work, the chromatogram 
for a small application of samples to the column, i.e. zonal 
elution, is our major consideration. The initial and boundary 
conditions for the chromatography with a rectangular input 
of sample which has concentration c0 and injection interval 
tlnj are 

t=O, c=c,=q=o 

and 

(4) 

z=o, uocI,=o- =u()c/,=,,+ - @,.a 
az z=o+ 

(5a) 

with c],=~- = CO, Oltlti, 
0, otherwise 

In Eq. (2), k, and kd are respectively the (second-order) 
adsorption and (first-order) desorption rate constants, which 
vary with time during the chromatographic process. At the 
adsorption stage (t < TJ, these parameters are determined 
under the adsorption conditions. After the elution starting at 
t = t,, these parameters are determined under the elution con- 
ditions. In this work, the HPAC of IgG on immobilized pro- 
tein A as described earlier [ 211 was taken as the model 
system for simulation. Samples of human IgG (9 l.~l) were 
injected to a column (5 X 0.46 cm I.D.) packed with non- 
porous silicas ( 1.4 pm) covalently coupled with protein A. 
The elution of the bound proteins was achieved by changing 
pH of the mobile phase from 7 to 3 at the fifth minute after 
sample injection. Operating parameters were ~=0.39 and 
u,=O.15 cm/s that corresponded to a flow rate of 1.5 ml/ 
min. To estimate the dispersion coefficients D,, a correlation 
developed by Chung and Wen [ 221 was used. 

~=0.2+0.011 Re0.48 
L 

(6) 

where the Reynolds number is defined as Re = d,u,,l V. Based 
on the parameters of this model system and v = 1 X lo-’ 
cm’/s (dilute aqueous solution at 293 K), the dispersion 
coefficient can be calculated using Eq. (6) to be 1.05 X lo- 4 
cm’/s. For low Reynolds number, the film-mass-transfer 
coefficient, kf, can be estimated from a J factor correlation 
proposed by Wilson and Geankoplis [ 23 ] . This correlation 
(Eq. (7)) is valid for liquid with a Reynolds number range 
of 0.0016-55 and a Schmidt number (SC := u/D,) range of 
165-70 600 

(7) 
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Taking the experimental value of the molecular diffusivity 
for human IgG (M.W. 156 000), 4X 1O-7 cm2/s, k, can be 
calculated using Eq. (7) to be 3 X 10-2cm/s. This kf value 
is close to that reported by Mao et al. [9], 3.5 X 1O-2 cm/s, 
for 1.5 pm non-porous particles. 

By introducing the following non-dimensional variables: 
Z=zlL, T=uotIcL, Pe=u,,LlcDL, c*=cIc,, c,*=c,/co, 
q* = ( 1 - E)qIEc”, q; = ( 1 - E)qIECO, k: = kg&u,,, 
kz = k,eLlu,, and k? = 6( 1 - E)kfLldpu,,, Eqs. ( 1 )-( 3) 
become 

ac* ac* aq* 1 a*c* 

z+ ar+-=-2 a7 Pe az 
(8) 

and 

a4* K=kT(c*-c:) (10) 

Based on the above-mentioned values of DL and k, the non- 
dimensional mass transfer coefficients are Pe = 18 ,300 and 
k,* =26 100. Even when the flow velocity is reduced from 
0.15 to 0.05 cm/s, the figures of the non-dimensional mass- 
transfer parameters are still at the same level. These extremely 
higher values of mass transfer coefficients indicate that the 
mass transfer resistance raised by both axial dispersion and 
liquid film can be neglected. In this instance, Eq. ( IO) can 
be eliminated from the governing equations and c: can be 
approximated by c* for any time. Eq. (9) can thus be replaced 

by 

aq* -= aT e(q:-q*)c*-Gq* 
It is noted that k,*/k,* = k&k, = c,iK,, where Kd is the equi- 
librium dissociation constant for the solute and immobilized 
ligand. The rate constants, k, and kd, are determined by the 
chosen affinity pair and subject to evaluation from experi- 
ments, whereas Kd or its reciprocal K, (equilibrium associa- 
tion constant) is a thermodynamic variable that can be 
adjusted by changing the mobile phase pH and/or ionic 
strength. A higher value of Peclet number indicates that the 
effect of axial dispersion is insignificant. However, we keep 
this dispersion term in Eq. (8) for the sake for numerical 
implementation. The non-dimensional forms of initial and 
boundary conditions for solving Eqs. (8) and ( 11) are 

TZO, c*=q*=o 

z=p 
az z=“+ 

=Pe(c*I.=,+ -c*IzCO~) 

(12) 

,=1,gz() 

An analytical solution is available only when the kinetic con- 
stants are at a constant value, i.e. chromatography in the mode 
of isocratic elution. In this instance, Goldstein [ 241 obtained 
a closed form solution to zonal elution with an infinite value 
of Pe. For a typical operation in affinity chromatography, the 
pH of the elution buffer differs from that of adsorption buffer, 
which means that values of the kinetic constants vary during 
the chromatographic process. Numerical method must be 
employed for the simulation and prediction of the perform- 
ance of the elution peaks. 

3. Numerical method 

Eqs. (8) and ( 11) were discretized into a set of ordinary 
differential equations (ODES) by the Galerkin finite element 
method using quadratic shape functions as the trial (basis) 
functions. According to this numerical method, first we broke 
the domain 0 2 ZI 1 into II - 1 elements with a size of AZ 
( = 1 /(n - 1) ) using n nodes. The approximate solutions for 
c* and q* thus could be expressed as the linear combinations 
of the trial functions: 

c* = &;(T)&(Z) (14) 
,=I 

q*= ~4i(T)Kt(Z) 

i= I 
(15) 

where each trial function gi is defined only on the appropriate 
elements [25,26]. According to the Galerkin method, the 
residuals are formed by substituting the trial functions into 
Eqs. (8) and ( 11) with c* and q* approximated by Eqs. 
( 14) and ( 15) [ 251. The residuals at the nodes are 

forj = 1,2,. . .n. In Eqs. ( 16) and ( 17), the definite integrals 
of the trial functions and their derivatives with respect to 
coordinate variable Z can easily be estimated according to a 
typical book of numerical method [ 251. A system of 2n ODES 
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is then constructed with c, and qi as the functions of Q- and 6, 
and& as the time derivatives of these variables. However, the 
concentrations at two ends of the column, c, and c,, can be 
eliminated from Eqs. ( 16) and ( 17) by the application of 
boundary conditions, Eq. ( 13a) and ( 13b), as suggested by 
Lipidus and Pinder [ 261. Substituting Eqs. ( 14) and ( 15) 
into Eq. ( 13a) and ( 13b) yields 

2( l/Pe) l/Pe 
cIz=“- +-c2---c 

AZ 2AZ ’ 1 

1 +2(1/Pe) 
2AZ 1 (18) 

(19) 

The number of ODES becomes 2n - 2. This system of ODES 
was solved using Gear’s stiff method by calling a subroutine 
IVPAG in IMSL. 

4. Results and discussion 

4.1. Convergence of numerical solutions 

The parameters used in model simulation for the results 
presented by the figures in this paper are listed in Table 1. To 
test the validity of the simulated solutions, peak profiles under 
limiting conditions were considered. Fig. 1 shows two chro- 
matographic peaks respectively for columns with small 
( qm = 1 g/l) and large binding capacity ( y,,, = 35 g/l), oper- 

Table 1 
Parameters used in model simulation 

ated in the mode of isocratic elution as a typically weak 
affinity column does. As expected, the agreement between 
numerical solutions (solid lines) and Goldstein solutions 
(circle points) is quite good. The elution time is shorter 
whenever the binding capacity is lower; this is because the 
retention time is proportional to binding capacity. Under the 
conditions of linear chromatography, the mean retention time 
can be predicted by the following equation 

t++$( 1 +k,‘) 
0 

(20) 

where k, = ( 1 - E)q,,/( E&) is the limiting capacity factor, 
i.e. the capacity factor at zero sample concentration. From 
Fig. 1, it can be seen that the elution peak is sharper when q,, 
is small and the peak becomes broader and lower when qm is 
large. At a limiting case when an infinitesimal sample load is 
applied to the column, the central second moment of the 
elution peak is linearly proportional to a ratio of the binding 
capacity to the desorption rate constant. The second central 
moment stands for the square of the peak width. Numerical 
solutions can induce an oscillation with an insignificant mag- 
nitude far from the tail side of the peak as shown in Fig. 1 (b ). 
The oscillation, however, will not affect the convergence of 
the peak height and area of the elution. 

Influences of the element number on the convergence of 
the simulated peaks are shown in Fig. 2. If the axial domain 
is separated by n nodes, there are N, = (n -- 1) /2 elements. lt 
is observed that occasionally there are oscillations around the 
first peak (i.e. the non-retained peak) wheneverN, is smaller. 
Those oscillations will disappear when .ve is equal to or 
greater than 100, i.e. 12 2 201. On the contrary, no oscillation 

Fig. No. Curve No. k,, adsorption (1 g-’ SK’) K,,, adsorption(M) k,.elution (I g-’ 5-l) &. elution (M) cc, Cdl) %ll (g/l) 

1 a 0.7 1.282X lo--’ 0.7 1.282X lo-’ IO 1 
b 0.7 1.282X 10-j 0.7 1.282X IO-’ IO 35 

2 0.0075 10mx 0.75 1.282X lo-? IO 35 
3, 5 O.OlJJ.3 10mx 0.7 1.282X IO-’ IO 35 
4, 6 0.3--0.8 IO-” 5 2x lo-’ IO 1 
7 0.1 ]o-“-]O-h 0.7 1.282 X IO-’ IO 35 
8,9 0.1 10~y-lO~h 0.7 2x lo-’ IO 1 
IO 1 0.2625 0 5 1.282X lo-’ 1040 1 

2 0.0262 IO 
3 0.0075 35 

11 0.1 lomn O.lL2.5 l.2s2xlo~5 IO 35 
12 0.1 IO-* 0.7 7.5 x lO~~-l x lo-J IO 35 
13 1 0.1 lomx 0.7 1.282X lo-5 IO 35 

2 7.325 x IO -* 20 

3 3.66X lO-h IO 
4 3.66 X IO-’ 1 

14 0.4 lo-’ 5 2x lo-’ IO-30 1 
15 0.0075 10-h-lO~X 3 1.282X lo-’ 030 35 
16, 17 1 0.75 2.15x lo-’ 5 2.15 X IO-’ IO 1 

2 0.45 2.15X lOmy 5 2.15X IO-’ 20 1 

Other parameters not listed are: E= 0.39, u(, = 0.15 cm/s, L= 5 cm, P, = 18 300, and the sample volume is 9 +I. which corresponds to u,,f,,.,/eL = 9/320. Elution 

begins at the fifth minute from the injection of the sample. The molecular weight of the solute (human IgG) is 156 000, so that a K,J value of 1.282 X IO-’ hl 
corresponds to 2 g/l. 
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Fig. I. Comparison of isocratic elution profiles from model simulations (solid lines) and Goldstein solutions (circle points) with different binding capacity, 

qm (g/l): (a) 1; (b) 35. 
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Fig. 2. Dependence of the peak height (0) and peak area ( l ) on the number 

of nodes for the discretization of the axial coordinate in the application of 
the finite element method. 

is observed around the second peak (the elution peak). When 
n = 10 1, the height and area of the second peak are observed 
to be converging to the exact values. On the other hand, it 
requires 301 or more nodes for the convergence of the peak 
height and peak area of the first peak. It is concluded that the 
number of nodes that is required for convergence is deter- 
mined by the steepness of the peak front, which is dependent 
on the rate parameters. The non-retained peak is always small 
in area and steeply peaked. If the chromatographic system 
does not have a non-retained peak, a small number of nodes 
will be enough for numerical computation to yield accurate 
solutions. 

4.2. Effects of dissociation and kinetic rate constants at the 
adsorption stage 

In this simulation, the model system involves a strong 
affinity interaction between the protein in the mobile phase 
and the immobilized ligand with a Kd value of lo-’ M under 
the adsorption conditions. The peak profiles with various k, 
(adsorption) values ranging from 0.01 to 0.3 I g-’ sP ’ are 
given in Fig. 3. As the Kd and k, at the elution stage are 
respectively kept constant at 2 g/l ( = 1.282 X .10P5 M) and 
0.71 gg ’ s-l, the non-retained peak appears only when k, 
(adsorption) = 0.01 1 g- ’ s- ‘. Fig. 4 shows peak behaviour 
of a small capacity system with K,, = lop9 M at the adsorption 

0 06 

0.06 

-T 1 

0.00 4w 8.W 12.00 16.00 20.00 
time (min) 

Fig. 3. Elution profiles simulated with a larger binding capacity (qm = 35 g/ 
1) and a different adsorption rate constant, k, ( I g - ’ s - ’ ) , at the adsorption 
stage: (1) 0.3; (2) 0.1; (3) 0.05; (4) 0.01. The split-peak appears in curve 

4. 
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Fig. 4. Elution profiles simulated with a smaller binding capacity (qm = 1 g/ 
I) and a different adsorption rate constant, k, (I g ’ s ’ ), at the adsorption 

stage: ( 1) 0.8; (2) 0.4; (3) 0.3. The split-peak appears in both curves 2 and 

.w 0 loo 2.w 3.00 400 5 
column length (cm) 

1 

Fig. 5. Distributions of the adsorbate concentration at the starting time of 

the elution stage as functions of the axial distance along the column for the 
chromatographic systems corresponding to Figs. 5 and 3. 

stageandK,=2XlO-‘Mandk,=51g-‘s-‘attheelution 
stage. There is a non-retained peak when k, (adsorption) is 
reduced too.4 I g-’ s-‘. A small value of k, stands for a slow 
adsorption rate. For a column with small binding capacity, 
the critical k, value required for the appearance of the non- 
retained peak is higher. Fig. 6 show the profiles of adsorbate 
as functions of the abscissa along the column at the time when 
the elution starts, i.e. the q-z plots at the fifth minute after 
sample injection. Fig. 5 indicates that only a small portion of 
the adsorbents near the column entrance are bound with the 
solutes in the system with larger binding capacity. But for a 
column with small binding capacity, the distribution of the 

adsorbate concentration covers a wider range of the axial 
distance along the column as shown in Fig. 6. The profile of 
the adsorbate concentration is more dispersed and the binding 
sites of the adsorbents including the end of the column are 
occupied by the solutes (curve 3 in Fig. 6). Figs. 3-6 show 
that an increase in k, (adsorption) sharpens the elution peak 
and elevates the adsorbate concentration at the entrance 
region of the column. A lower value of k, occasionally results 
in a non-retained peak. In summary, for a column with small 
binding capacity the elution peaks are much lower and dis- 
persed, and are right triangle shaped. Whereas for a column 
with large binding capacity, only the adsorbents near the 
column entrance are bound with the solutes and the elution 
peaks are taller and sharply shaped. 

1 00 - 
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\ e 
9 

\ 
060- 

ozo- 

0.00 - 

, 

0.00 l.w 2.w 3.w 4.00 5.w 
column length (cm) 

Fig. 6. Distributions of the adsorbate concentration at the starting time of 
the elution stage as functions of the axial distance along the column for the 

chromatographic systems corresponding to Fig. 4. 

I , I , I , 1 , I 1 
000 4.00 600 12.00 16.00 20.00 

minutes 

Fig. 7. Elution profiles simulated with a larger binding capacity (qm = 35 g/ 
1) and a different equilibrium dissociation constant, K, (M), at the adsorp. 
tion stage: (1) lo-“; (2) 10-T (3) 10m7; (4) lo-‘. 
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Fig, 8. Elution profiles simulated with a smaller binding capacity ( CJ~, = 1 g/ 

1) and a different equilibrium dissociation constant, K,, (M). at the adsorp- 
tionstage: (1) 10m6; (2) lo-‘; (3) lo-‘; (4) IO-“.Thespht-peakappears 
in curve 2. 

Effects of dissociation constant (ranging from lo-’ to 
lop6 M) at the adsorption conditions on the peak profiles is 
shown in Figs. 7 and 8 respectively for high and low ligand 
density columns. These figures show that when Kd increases, 
the elution peak becomes more dispersed and slightly 
advanced. As K,, falls in the range of lo-*-lo-” M 
( approaches to the irreversible adsorption), the peak behav- 
iour is nearly unaltered. In the system with small binding 
capacity, most of the ligates are eluted together as the non- 
retained component (Fig. 8) when Kd increases to a value of 
10P6 M. A medium value of Kd ( IO-’ M) results in a small 
fraction of non-retained component and the q-z distribution 
is more even than the others (Fig. 9). 

4.3. Non-retainedfraction 

The ‘split-peak’ phenomenon occurs with low enough 
adsorption rate constant or large enough mobile-phase veloc- 
ity, either in linear or mass-overloading conditions. The def- 
inition for the intensity of the split-peak effect (non-retained 
fraction), which is characterized by the ratio of the amount 
eluted in the first peak (the non-retained peak) to the injected 
amount, is given by 

I c(t,z=L)dr 

f = firsFpeak (21) 
cOt,nj 

wherein f depends on k, and Kd at the adsorption conditions. 
For constant values of qm and K,,, Fig. 4 shows that the non- 
retained peak comes whenever k, is small enough. For con- 
stant values of q,,, and k,, an increase in Kd increases the value 
off (Fig. 8). Both Figs. 4 and 8 are simulated results from a 
column with binding capacity q,,, = 1 g/l and sample concen- 

2.00 300 
column length (cm) 

Fig. 9. Distributions of the adsorbate concentration at the starting time of 

the elution stage as functions of the axial distance along the column for the 
chromatographic systems corresponding to Fig. 8. 

tration co= 10 g/l. According to the literature, the non- 
retained fraction under irreversible adsorption can be 
estimated by the following expression [ 181 

f= 
ln[ 1 + (eNQl’@r- l)eeN] 

NQi1Q.x 
(22) 

where Qi/Q, is a loading factor, which is equal to the ratio 
of the amount of solute injected to the column 
(Q,=u,,&&,,) to the stationary capacity of the column 
( Q, = ( 1 - E)A,Lq,) , It can be proved that this loading factor 
standing for the relative sample loading with respect to the 
binding capacity of the column is identical to zo/L. The 
parameter N ( = k,( 1 - e)q,,,L/uo) in Eq. (22) is a product 
of the non-dimensional adsorption rate constant and the bind- 
ing capacity. The dependence off on the sample concentration 
(in 9 l.~l) for various values of q,,, under irreversible adsorp- 
tion is illustrated in Fig. 10. It can be seen that the simulated 
results closely approximate those predicted by Eq. (22). The 
validity of the simulate results from the computational algo- 
rithm employing the finite element method are thus confirmed 
again. The non-retained fraction is significantly affected by 
the increase in sample loading for a column with smaller q,,, 
(lower ligand density), but f is insignificantly altered by the 
loading of sample for a column with larger q,,, (higher ligand 
density). 

In summary, it is observed that the non-retained fraction is 
governed by k, and Kd under the adsorption conditions as 
well as by the sample loading. The non-retained fraction 
increases with the decrease of k, and/or Kd. Besides being 
able to predict the occurrence of the split-peak effect under 
irreversible adsorption as Eq. (22)) the model simulation is 
also applicable to a case in which there is a finite dissociation 
constant. 
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Fig. 10. Non-retained fraction as a function of sample load under the con- 

ditions of irreversible adsorption with different adsorption rate constant, k, 
(1 g-’ SC’), at the elution stage: (1) 0.2625; (2) 0.0262; (3) 0.0075. 
Results from model simulation (circle points) are comparable to the values 

calculated (solid curves) by Eq. (22). 
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Fig. 11. Elation profiles simulated with different adsorption rate constant, k, 

(lg~‘s~‘),attheelutionstage:(I)0.1;(2)0.7;(3) 1.0;(4)2.5. 

4.4. Effects of dissociation and kinetic rate constants at the 
elution stage 

When the dissociation constant remains unchanged, the 
larger k, value corresponds to the larger kd value. The large 
values of k, and k, under elution conditions indicate a rapid 
desorption rate of the bound compounds from the adsorbent 
and a rapid re-adsorption rate of the unbound compounds to 
the adsorbent. Fig. 11 shows that when the rate constants 
become larger, the elution peak becomes sharper and the time 
required to elute all bound solutes becomes shorter due to the 
faster rate. The peak height increases with the rate constant 
owing to the sharper peak and constant value of the peak area. 

The rate constant may possibly be difficult to adjust as it is 
largely determined by the chosen protein--1igand system and 
slightly dependent on mobile phase composition and pH. 

The elution of the bound proteins (solutes) from adsorbent 
in affinity chromatography is typically achieved by increasing 
the dissociation constant in the mobile phase under the elution 
conditions. A larger Kd implies a weak binding affinity 
between the protein and the immobilized ligand. Decreasing 
K,, significantly delays the appearance of the elution peak, as 
shown in Fig. 12. It can be seen from Fig. 12 that the mean 
retention time of the eluted peak and the time required to 
conclude the elution become shorter due 1.0 weaker binding. 
The equilibrium dissociation constant is a thermodynamic 
property and is dependent on the pH, ionic strength and the 
composition of the mobile phase at the elution stage. Alter- 
ation of the pH of the mobile phase is one of the most common 
ways of increasing the Kd value. However, it is generally 
impractical to increase Kd by altering pH to an extremely low 
or high value. The strong elution conditions under the extreme 
pH values that result in a higher K,, value usually lead to 
serious damage to the product and ligand. This is especially 
true for the protein ligand which may be irreversibly damaged 
by a strong elution in immunoaftinity chromatography. 

For an analytical propose, the elution time should be as 
short as possible. Eq. (20) indicates that a small ratio of q,,, 

to K,, gives a faster elution. Fig. 13 shows elution peaks for 
various combinations of q,,, and Kd, in which the ratio q,,,lK, 
is made to be 17.5. It can be seen that a higher q,,, and lower 
Kd corresponds to a sharper peak. Decreases in q,,, and 
increases in K,, result in slightly shorter retention times owing 
to the effect of mass overloading and a much dispersedelution 
peak. There exits a non-retained peak as q,,, is reduced to 
unity. It is concluded that if Kd can not be extensively pro- 
moted, a lower ligand density should be considered as an 
alternative. The ligand density (binding capacity) can be 
adjustable through the control of the conditions of ligand 

0.60 

1 

z 
9 
c 
.s 0.40 - 
2 
kj 2 

I 0 
E 
J 5 3 4 

0.00 I t 

1 

I 1’1’ 1 ’ 1 ’ 1 ’ 1 
0.00 400 6.W 12.00 16.00 20.w 

minutes 

Fig. 12. Elation profiles simulated with different equilibrium dissociation 

constant. Kd (M), at the elution stage: (1) IO-“; (2) 4.75X lo-‘; (3) 
1.282 x lo-‘; (4) 7.5 X IO--+. 
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Fig. 13. Elution profiles simulated with different combination of qm and &. 

The value of q,J& is kept at 17.5. whereas q,” is: ( 1 ) 35; (2) 20; (3) 10; 
(4) 1. The split-peak appears in curve 4. 

immobilization. There is still much flexibility in this adjust- 
ment for the use of non-porous adsorbents as the stationary 
phase which posseses small surface area. Experimental 
results from the adsorption of lysozyme on silica-based affin- 
ity adsorbents indicate that the binding capacity of the non- 
porous adsorbent is comparable to that of porous adsorbent 
[121. 

As the adsorbents are made and the column packed, the 
binding capacity, the rate constant and the dissociation con- 
stant can be evaluated, separately or simultaneously, in a 
sequence of batch or frontal experiments. The dependence of 
pH on the variation of KC, is easily obtained experimentally 
[ 27,281. As the binding capacity and the rate constant are 
determined and the relationship between pH and dissociation 
constant is known, the elution peaks can be predicted by the 
model simulation. The peaks generated from the model sim- 
ulation can be used to obtain performance information of pH 
elution necessary to design the analytical process, such as the 
non-retained fraction, the band broadening, and the time 
required to conclude the analysis under various operating 
conditions. 

4.5. Effects of sample loading 

Modeling Eqs. (S)-( 11) indicates that the peak profiles 
are determined by the parameters E, uO, L, t,,,], co, qn,, k, and 
Kd. when the contribution of Pe and k: is negligible. If the 
affinity column is made by following a constant procedure 
and operated under analytical conditions as a typical HPLC 
column, influences of E, uO, L and tinj, on the peak behaviour 
can be easily calculated. An increase in flow velocity, for 
example, causing a reduction in the elution time is obvious 
from the definition of the non-dimensional time r= tuO/eL. 
The sample concentration, in addition to the binding capacity 

and the kinetic constants, is the most important factor influ- 
encing the elution profiles. Variation of elution peak with 
concentration of sample (9 pl) injected to the column is given 
in Fig. 14. Both the area and height of the first and second 
peaks from simulation increase with increasing sample load. 
The elution peak becomes sharper in the front side at heavy 
sample loading. The shape of the elution profile turns from a 
symmetric and dispersed peak to shaped as a right triangle 
and as an asymmetric triangle as c0 increases. 

When the HPAC column is operated for an analytical pur- 
pose, the calibration graph based on peak height will be much 

simpler than that on the peak area. Although the height of the 
elution peak definitely increases with sample load, this 
dependence is influenced by the rate constants. Fig. 15 shows 
that straight lines passing through the origin can be obtained 
from the plots of peak height vs. sample load for larger values 
of Kd, based on a constant value of kc,. The loci of the peak 
height become slightly curvilinear over the range of sample 
load as Kd (adsorption) decrease to 10m7 and lop8 M. For 
slow adsorption system with Kd from lo- ’ to 1 Op8 under 
adsorption conditions, a small Kd corresponds to a small 
desorption rate constant k, if k, is kept constant. The adsor- 
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Fig. 14. Elution protiles simulated with various sample concentrations rang- 
ing from IO-30 g/l. 
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bates are more concentrated in the entrance region of the 
column and the elution peak is more dispersed with a lower 
peak height as shown in Fig. 7 when Kd becomes smaller. In 
summary, other plots such as Fig. 15 can be obtained based 
on the variation of other kinetic parameters: k, (adsorption), 
k, (elution) or Kd (elution) . In general, an increase in k, or 
Kd, either at the adsorption or elution stage, results in an 
increase in the height of the elution peak. The calibration 
graph should be carefully drawn in any instance. 

0.05 I -- 

4.6. Elution followed an irreversible adsorption 

When the adsorption is irreversible (i.e. Kd = 0 at adsorp- 
tion stage), the column becomes saturated with adsorbates 
from the entrance end. At the starting time of the elution, the 
q-zprofileisq=q,for I <z<zoandq=OforG<z<L.The 
ratio zO/L is the relative sample load with respect to the total 
binding capacity of the column. The distribution describing 
the elution peak can be written as Eq. (23), provided that the 
axial dispersion effect is negligible [ 211. 

-O.O’ w2b- 
Time (min) 

5 

Fig. 17. Comparison of elution profiles from model simulation (data points) 
and the approximated elution profiles (solid curves) calculated by Eq. ( 23) 

elution profiles on the loading factor defined by zo/L and two 
additional parameters, Kd (elutions) and k$ (or in terms of 
k,*). Fig. 16 shows two q-z profiles at the fifth minute after 
sample injection for a column with a strong affinity interac- 
tion (K,=2.15 X 10e9 M at adsorption stage). These q-z 
profiles are not exactly of the rectangular type as that for 
irreversible adsorption though the Kd value is extremely 
small. If these q-z profiles are approximated by rectangular 
profiles as presented by the dashed curves in Fig. 16, the 
simulated elution peaks (the second peaks) as shown in 
Fig. 17 agree well with those predicted by Eq. (23) using the 
approximated q-z profiles. This approximation is valid even 
in a case in which there is a small amount of non-retained 
fraction (curve 2 in Fig. 17). It can be concluded that the 
elution peak resulting from a strong affinity chromatography 
is predictable using Eq. (23) provided that the non-retained 
fraction is sufficiently small. 

c(%:=L)=K,J\ik~,‘/(v-I) x 

1,,(2k,*\jk,‘o)+@[k,*(~- l,.k,,‘k:] +e-kli”~‘;““‘~[kO’k~,kd*(7.- I)] 

(23) 

@ stands here for the function 

u 

@(u,v) =e” e-“Z,( 2G)d.r (24) 
0 

In Eqs. (23) and ( 24)) I, and I, are respectively the modified 
Bissel functions of zeroth and first order. For irreversible 
adsorption, Eq. (23) describes simply the dependence of the 

5. Conclusion 

A model describing the peak behaviour of pH elution in 
high-performance affinity chromatography using non-porous 
adsorbents was solved numerically with the application of 
the finite element method. At a limiting case (isocratic elu- 
tion) , the numerical solutions approach the Goldstein solu- 
tions. The model simulation generates performance 
information of the elution needed to design an analytical 
chromatographic process, such as the non-retained fraction, 
the peak profile and the retention time under various operating 
conditions. The simulated results show the following. 

Contributions of the adsorption rate constant (k,) and equi- 
librium dissociation constants ( Kd) under adsorption condi- 
tions are mainly to the split-peak effect. The non-retained 
fraction increases with the decrease of k, and/or Kd. In addi- 
tion to the effects of k, and K,, under elution conditions, the 
elution peak also is influenced by these constants under the 
adsorption conditions. The latter influences are inheritedfrom 
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Fig. 16. Distributions of the adsorbate concentration at the starting time of 
the elution stage as functions of the axial distance along the column for 
strong affinity systems with Kd = 2.15 X IO-’ M and different adsorption 
rate constant, k, (1 g-’ s-’ ), at the adsorption stage: (1) 0.75; (2) 0.45. 

The approximated profiles under the assumption of irreversible adsorption 
corresponding to the simulated systems are presented in dashed curves. 
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the adsorbate profile along the column length at the beginning 
of the elution, i.e. the time when the mobile phase changes 
from the adsorption to the elution stages. In general. slow 
adsorption kinetics (small k,) is shown to have a significant 
dispersive effect on the elution peak. When the rate constant 
under either adsorption or elution conditions becomes larger, 
the elution peak becomes sharper and the time required to 
elute all bound solutes becomes shorter due to the faster rate. 

Besides being governed by k, and Kd under adsorption 
conditions, the non-retained fraction is dominated by the sam- 
ple loading. The split-peak effect becomes more significant 
whenever the binding capacity is relatively small compared 
to the sample load. In a limiting case of irreversible adsorp 
tion, simulation of the model yields the non-retained fraction 
which is in agreement with that predicted by an equation in 
the literature. 

The mean retention time of the elution peak is dominated 
by the equilibrium dissociation constant under elution con- 
ditions. Alteration of the pH of the mobile phase is the most 
common way to increase the Kd value in order to shorten the 
elution time. If Kd cannot be greatly increased due to the 
strong elution conditions which are usually harmful and cause 
damage to the ligand, a lower ligand density (i.e. a small 
binding capacity) could be considered as an alternative. 

The model simulation predicts the effect of sample load 
(sample concentration) on the performance of the elution 
peak, which provides an excellent basis for choosing a proper 
plot as a calibration graph. The straight line can easily be 
obtained from the plots of plate height vs. sample load for 
larger values of Kd. When the non-retained fraction is small, 
the elution peak resulting from pH elution of a strong affinity 
chromatography is predictable by the model simulation as 
well as a close-form expression describing the elution fol- 
lowed an irreversible adsorption. 

6. Nomenclature 

cross-sectional area of the column, cm’ 
concentration of solute in mobile phase, g 1~ ’ 
concentration of solute in the liquid at the surface 
of the adsorbent, g l- ’ 
sample concentration, g 1~ ’ 
axial dispersion coefficient of solute, cm’ s ’ 
molecular diffusivity of solute, cm2 s-’ 
diameter of adsorbent particle, cm 
i-th quadratic basis function in every finite elements 
capacity factor at zero sample concentration 
equilibrium association constant, M- ’ 
equilibrium dissociation constant. M 
adsorption rate constant at adsorption or elution 
stage, 1 g -is-l orM-‘s-’ 

desorption rate constant at adsorption or elution 
stage, s- ’ 
film mass transfer coefficient, cm s- ’ 
length of the column, cm 

n number of nodes 
N non-dimensional parameter, = ( 1 - e) k,qmLluo 

N, number of finite element 
Pe Peclet number 

ii: 
amount of solute injected to the column, g 
saturation binding capacity of the column, g 

9 adsorbate concentration, g l- ’ 

4m maximum adsorbate concentration, g 1~~ ’ 
I time, s 
tc time of elution starting, s 
tinj time interval of sample injection, s 
tR mean retention time of the elution peak, s 
4l superficial velocity, cm s- ’ 
Z non-dimensional axial coordinate 
2 axial coordinate along the column, cm 
b length of the column saturated with adsorbate, cm 

Greek letters 

E void fraction of the packed column 
7 non-dimensional time 
v dynamic viscosity, cm2 s- ’ 

Superscripts 

* non-dimensional variables 
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